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This contribution is motivated by the recent IJSS article titled ‘‘Formulation of the High-Fidelity General-
ized Method of Cells with Arbitrary Cell Geometry for Reﬁned Micromechanics and Damage in Compos-
ites’’ by Haj-Ali and Aboudi. In the present discussion, we critically compare these authors’ approach with
the Parametric Finite-Volume Direct Averaging Micromechanics (FVDAM) theory developed in a
sequence of papers dating to 2004. We show that the extension proposed by Haj-Ali and Aboudi follows
the framework of the parametric FVDAM theory, and not the original HFGMC model as claimed. Just as
importantly, we demonstrate that the proposed extension is fundamentally ﬂawed as it violates accepted
principles which every mechanics theory must satisfy, namely correct reducibility and coordinate frame
indifference. Direct comparison of predictions generated by the parametric FVDAM theory, the proposed
extension called HFGMC with arbitrary cell geometry and ﬁnite-element method demonstrates no need
for the extension carried out in the speciﬁc manner proposed by Haj-Ali and Aboudi, which in fact pro-
duces inferior results.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The Higher-Order Theory for Functionally Graded Materials
(HOTFGM), developed in a sequence of papers in the 1990’s and
summarized in Aboudi et al. (1999), provided the main framework
for the construction of its homogenized counterpart initially
named the higher-order theory for periodic multiphase materials
by Aboudi et al. (2001). The homogenized version was subse-
quently renamed the High-Fidelity Generalized Method of Cells
(HFGMC) by Aboudi et al. (2002) despite the fact that predictions
of HFGMC generally do not reduce to those of the Generalized
Method of Cells (GMC) (Paley and Aboudi, 1992), as expected of
theories related to each other through similar names. Both HOT-
FGM and so-called HFGMC are based on the discretization of a
functionally graded or periodic material microstructure into rect-
angular generic cells which are further subdivided into four or
eight subcells, depending on the investigated problem’s dimen-
sionality. An incomplete quadratic displacement ﬁeld representa-
tion is employed in each subcell, characterized by unknown
coefﬁcients which are determined by satisfying different moments
of the equilibrium equations in a volume-average sense, and con-
tinuity of displacement and tractions between individual subcellsll rights reserved.
.within generic cells and between generic cells in a surface-average
sense, following the original idea proposed by Achenbach (1975).
Both HOTFGM and HFGMC theories have been substantially re-
constructed in a sequence of papers by Bansal and Pindera (2003,
2005, 2006) and Zhong et al. (2004) using domain discretization
based solely on single rectangular subvolumes, the same incom-
plete displacement ﬁeld representation within each subvolume as
in the original higher-order approaches, satisfaction of the equilib-
rium equations in a surface-averaged sense (without the need for
the higher-order moments), and imposition of traction and
displacement continuity between adjacent subvolumes in a
surface-average sense. The surface-averaging character of the re-
constructed theories made possible the implementation of the lo-
cal–global stiffnessmatrix approachwhich, in turn, facilitated com-
parison with the ﬁnite-element approaches used to solve the same
classes of problems. The signiﬁcant re-constructions had tremen-
dously simpliﬁed the theoretical framework of both techniques
and, more importantly, demonstrated that they belong to the class
of techniques called ﬁnite-volume methods which have gained
popularity in the solution of solid mechanics problems in the past
20 years, thereby providing a rational basis for the second name
change ﬁnite-volume direct averaging micromechanics (FVDAM) in
the case of HFGMC. Table 1 compares the features of the original
HFGMC and FVDAM theories based on rectangular discretizations.
The deﬁning feature of the ﬁnite-volume techniques, originally
developed for ﬂuid mechanics problems (cf. Versteeg and
Table 1
Comparison of the features of the original higher-order theory for periodic multiphase materials, Aboudi et al. (2001), subsequently renamed HFGMC by Aboudi et al. (2002), and
FVDAM models. The highlighted entries in the middle and right columns denote differences in the corresponding features listed in the left column.
Feature HFGMC FVDAM
Unit cell discretization Generic cells with 4 subcells Single subvolumes
Subdomain geometry Rectangular generic cells/subcells Rectangular subvolumes
Displacement ﬁeld Quadratic in local coordinates without cross-product terms Quadratic in local coordinates without cross-product terms
Variables Moments of volume-averaged subcell stresses; displacement
ﬁeld microvariables
Surface-averaged subvolume interfacial tractions and
displacements
Equilibrium equations 0th, 1st and 2nd moments satisﬁed in volume-average sense in
each subcell
Satisﬁed directly in surface-average sense in each
subvolume
Continuity conditions (after
Achenbach (1975))
Subcell/generic cell interfacial tractions and displacements
satisﬁed in surface-average sense
Subvolume interfacial tractions and displacements satisﬁed
in surface-average sense
Solution technique Standard assembly Local/global stiffness matrix
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tions within control subvolumes q of a discretized domain in a vol-
ume-average sense, which for elasticity-type problems reduces to
the equilibrium equations,Z
V ðqÞ
@rji
@xj
þ Fi
 
dV ðqÞ ¼ 0
Starting with the work of Demirdzic et al. (1988), Fryer et al. (1991),
Demirdzic and Martinovic (1993), Demirdzic and Muzaferija (1994),
Bailey and Cross (1995), Taylor et al. (1995) and Wheel (1996), the
applications and further development of this technique continue,
characterized by differences in the domain discretization, subvo-
lume displacement ﬁeld representations (using shape functions
borrowed from the ﬁnite-element method), and manner of deﬁning
control subvolumes used in satisfying the local equilibrium equa-
tions, cf. Taylor et al. (2003), Wenke and Wheel (2003), Fallah
(2004, 2005a,b, 2006). New applications are continuously sought,
including large-deformation extrusion problems (Basic et al.,
2005), incompressible and micropolar elasticity problems (Bijelonja
et al., 2006; Wheel, 2008).
In the IJSS article titled ‘‘Formulation of the High-Fidelity Gener-
alized Method of Cells with Arbitrary Cell Geometry for Reﬁned
Micromechanics and Damage in Composites’’ (Haj-Ali and Aboudi,
2010), the authors claim to introduce two new enhancements into
the High-Fidelity Generalized Method of Cells model. The ﬁrst
enhancement is the incorporation of parametric mapping in order
to enable the use of quadrilateral subvolumes in simulating the
microstructure of periodic heterogeneous materials with greater
ﬁdelity relative to the version based on rectangular generic cell
and subcell discretization employed in the original model of Aboudi
et al. (2001, 2002). The use of parametric mapping is presented as
their own without referencing the original idea ﬁrst introduced
by Cavalcante (2006) into the reconstructed framework of the ﬁ-
nite-volume theory for functionally graded materials of Bansal
and Pindera (2003), and subsequently published in a sequence of
papers (Cavalcante et al., 2007a,b, 2008, 2009). This parametric
mapping, together with its characteristic simpliﬁcation, was later
adopted to enhance the original version of the FVDAM theory based
on rectangular subvolume discretization of a unit cell in a sequence
of papers by Gattu et al. (2008), Khatam and Pindera (2009a,b, 2010,
2011) and Khatam et al. (2009), which was subsequently renamed
parametric FVDAM. We note that independent of the above ﬁnite-
volume approaches to the analysis of functionally graded and peri-
odic materials, parametric mapping was also introduced by Fallah
(2005a, 2006) into the cell-centered ﬁnite-volume formulation of
the Mindlin-Reissner plate theory, and by Fallah (2005b, 2008) into
two-dimensional stress analysis of solids, which Haj-Ali and Aboudi
(2010) also do not reference. While the parametric mapping em-
ployed by Fallah (2006) contains no simpliﬁcations, the mapping
proposed by Cavalcante (2006) employs the concept of volume-
average Jacobian as its deﬁning feature consistent with thesurface-averaging framework of the parametric ﬁnite-volume
theory. Quadrilateral subvolumes were also introduced into the
original FVDAM framework by Gao et al. (2009) based on direct
geometric (rather than parametric mapping) approach.
The second enhancement proposed by Haj-Ali and Aboudi
(2010) is the addition of cross-product terms to the quadratic rep-
resentation of the ﬂuctuating displacement ﬁeld within individual
subvolumes of the discretized unit cell microstructure in order to
render it complete. This enhancement was initially suggested by
Cavalcante et al. (2008) as a means of improving the non-traction
stress components at the subvolume level, but not carried out in
the manner proposed by Haj-Ali and Aboudi (2010) for reasons
that will become clear later. We note that the complete quadratic
polynomial approximation of subvolume displacement ﬁeld which
includes cross-product terms was successfully employed by Pan
et al. (2010) for triangular subvolumes in the context of the ver-
tex-based ﬁnite-volume method. Introduction of such terms into a
ﬁnite-volume theory based on quadrilateral subvolumes and the
surface-averaging approach requires much care, and may
potentially lead to problems if done in an ad hoc manner using
additional equations lacking physical meaning.
In light of the above overview of the FVDAM theory’s evolution,
the purpose of this communication is to: critically examine simi-
larities and differences between the parametric FVDAM and
HFGMC models; point out fundamental ﬂaws in the authors’
proposed approach which may lead to problems encountered by
potential users of this method; and lastly clarify misstatements
and highlight omissions by Haj-Ali and Aboudi about the standard
and parametric FVDAM theories.
The paper is organized as follows. In Section 2 we compare the
FVDAM and HFGMC approaches with parametric mapping capabil-
ities which enable efﬁcient reproduction of a heterogeneous mate-
rial’s microstructure with high resolution, summarizing in tabular
form similarities and differences. Section 3 discusses the funda-
mental ﬂaws in the proposed extension’s construction which may
lead to the violation of accepted mechanics principles, including
coordinate frame indifference, in contrast with the self-consistency
and completeness of the parametric FVDAM theory’s framework.
Examples are presented that highlight the problems that a potential
user of the extension proposed by Haj-Ali and Aboudi (2010) may
encounter. In order to verify Haj-Ali and Aboudi’s unsubstantiated
claim for the need to include cross-product terms, we incorporate
these terms into the displacement ﬁeld representation used in the
parametric FVDAM theory, together with the related additional
equations, and compare the predictive capability of both ap-
proaches in Section 4. Direct comparison with the ﬁnite-element
method is also included using virtually the same unit cell discreti-
zations, similar displacement ﬁeld approximations and a recently
introduced stress measure (Cavalcante et al., 2011). In Section 5
we brieﬂy discuss the circumstances under which name changes
of proposed theories are justiﬁed. Finally, the conclusions that log-
ically follow from the presented evidence are given in Section 6.
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In this section we show that the HFGMC model with parametric
mapping capability proposed by Haj-Ali and Aboudi (2010) is in
fact based on the FVDAM framework, and not on the original high-
er-order theory for periodic multiphase materials developed by
Aboudi et al. (2001) and subsequently renamed HFGMC by Aboudi
et al. (2002). Table 2 compares the basic features of the parametric
FVDAM and HFGMC models for quick reference, discussed in detail
below.
Both the parametric FVDAM and HFGMC models use the 0th or-
der homogenization theory wherein the displacement ﬁeld in the
qth subdomain of the unit cell is represented in terms of two-scale
expansion involving macroscopic and microstructure-induced ﬂuc-
tuating components,
uðqÞi ¼ eijxj þ u0ðqÞi ; ði ¼ 1;2;3Þ: ð1Þ
In the above, eij are the speciﬁed macroscopic or average strains ap-
plied to the entire material, and thus the unit cell. In both models,
the unit cell is discretized into quadrilateral subvolumes (q) gener-
ated from a reference square subvolume using auxiliary parametric
coordinates.
In the parametric FVDAM theory, the location of the qth quad-
rilateral subvolume in the actual microstructure is deﬁned by the
vertices ðyðp;qÞ2 ; yðp;qÞ3 Þ referred to a ﬁxed coordinate system, in con-
trast with the original HFGMC model based on two-level discreti-
zation into generic cells and subcells. The location of the ﬁxed
coordinate system is immaterial since the parametric FVDAM
theory obeys the coordinate frame indifference principle. The qth
subvolume is an image of the reference subvolume in the g  n
plane bounded by 1 6 g 6 þ1 and 1 6 n 6 þ1, Fig. 1. Its verti-
ces correspond to the vertices of the qth subvolume in the actual
microstructure. In the parametric FVDAM theory, the mapping of
the point (g,n) to the corresponding point in the qth subvolume
is given by yðqÞi ðg; nÞ ¼
P4
p¼1Npðg; nÞyðp;qÞi ði ¼ 2;3Þ where
N1ðg; nÞ ¼ 14 ð1 gÞð1 nÞ; N2ðg; nÞ ¼
1
4
ð1þ gÞð1 nÞ;
N3ðg; nÞ ¼ 14 ð1þ gÞð1þ nÞ; N4ðg; nÞ ¼
1
4
ð1 gÞð1þ nÞ:
ð2Þ
This is the same mapping as that employed for the Q4 element
which ensures that the sides of the mapped element remain
straight. This mapping was originally introduced into the structural
version of the ﬁnite-volume theory (for functionally graded materi-
als) by Cavalcante (2006), and subsequently used in a sequence of
papers cited in the Introduction to solve a variety of problems.
Haj-Ali and Aboudi (2010) also use the same mapping with the
coordinates (g,n) replaced by (r,s), following the notationTable 2
Comparison of the features of the proposed HFGMC with quadrilateral cells and the param
differences in the corresponding features listed in the left column.
Feature Quadrilateral Cell HFGMC
Unit cell discretization Single subcellsa
Subdomain geometry Quadrilateral by parametric mappingc
Displacement ﬁeld Quadratic in reference coordinates with
terms
Variables Displacement ﬁeld coefﬁcients
Equilibrium equations Satisﬁed in surface-average sense
Moment equations Satisﬁed in volume-average sense
Continuity conditions (after Achenbach
(1975))
Interfacial tractions/displacements appli
average sense
Solution technique Standard assembly
a Following Bansal and Pindera (2003, 2005) and Gattu et al. (2008), and NOT the ori
2001), subsequently renamed HFGMC by Aboudi et al. (2002)
b Originally introduced by Cavalcante (2006) into the re-constructed ﬁnite-volume th
c Introduced as original idea by Haj-Ali and Aboudi (2010)employed by Fallah (2006). However, the important distinction is
that the mapping is deﬁned with respect to local coordinate sys-
tems centered within each subvolume wherein the quadrilateral
subvolume vertices are deﬁned. In Haj-Ali and Aboudi’s extension
of the parametric FVDAM theory, the choice of the coordinate sys-
tem that deﬁnes the parametric mapping plays a critical role which
will be discussed later, rendering it coordinate frame dependent in
contrast with the already established theory.
In the parametric FVDAM theory, the ﬂuctuating displacement
components in the qth subvolume are given in terms of the refer-
ence subvolume coordinates (g,n),
u0ðqÞi ¼W ðqÞið00Þ þgW ðqÞið10Þ þnW ðqÞið01Þ þ
1
2
ð3g21ÞW ðqÞið20Þ þ
1
2
ð3n21ÞW ðqÞið02Þ
ð3Þ
and not in terms of the physical subcell coordinates ðy2; y3Þ as incor-
rectly stated by Haj-Ali and Aboudi, in contrast with the original
FVDAM theory based on rectangular unit cell discretization. The
same form is used for the actual displacement components in the
structural version of the theory. There are 10 and 15 unknown coef-
ﬁcientsW ðqÞiðÞ for plane stress and generalized plane strain problems,
respectively. In contrast with the nodal-based displacement repre-
sentation used in ﬁnite-element analyses or vertex-based ﬁnite-vol-
ume theories (Fallah, 2004), cross-product terms are not necessary
due to the employed surface-averaging approach in satisfying equi-
librium equations, and interfacial traction/displacement continuity
and periodicity conditions. The unknown coefﬁcients W ðqÞiðÞ are ob-
tained in terms of the surface-averaged ﬂuctuating displacements
u^0ð1;3Þi ¼
1
2
Z þ1
1
u0iðg;1Þdg; u^0ð2;4Þi ¼
1
2
Z þ1
1
u0ið1; nÞdn; ð4Þ
upon satisfaction of the equilibrium equations in the integral sense
in each subvolume (assuming absence of body forces),Z
VðqÞ
@rji
@xj
dV ðqÞ ¼
Z
SðqÞ
tðqÞi dSðqÞ ¼
Z
SðqÞ
rðqÞji n
ðqÞ
j dSðqÞ ¼ 0: ð5Þ
As mentioned in the Introduction, direct satisfaction of the equilib-
rium equations in the integral sense is the distinguishing feature of
the different variants of the ﬁnite-volume theories, setting it apart
from the variational-based ﬁnite-element techniques.
A key simpliﬁcation exploited in the FVDAM theory, which is
one of its deﬁning features, is the use of volume-averaged Jacobian
J in the relations between surface-averaged displacement gradients
on the faces of the qth subvolume in the reference and actual coor-
dinate systems,etric FVDAM theory. The highlighted entries in the middle and right columns denote
Parametric FVDAM
Single subvolumes
Quadrilateral by parametric mappingb
cross-product Quadratic in reference coordinates without cross-product
terms
Surface-averaged interfacial tractions & displacements
Satisﬁed in surface-average sense
Not necessary
ed in surface- Interfacial tractions/displacements applied in surface-
average sense
Local/global stiffness matrix
ginal construction of the higher-order theory for periodic materials, (Aboudi et al.,
eory for functionally graded materials by Bansal and Pindera (2003)
Fig. 1. Mapping of the reference square subvolume in the g n coordinate system onto the corresponding quadrilateral subvolume in the actual microstructure deﬁned in the
y2  y3 coordinate system introduced for the ﬁrst time by Cavalcante (2006) in the context of the structural version of the parametric ﬁnite-volume theory for functionally
graded materials, and subsequently incorporated into the parametric FVDAM theory by Gattu et al. (2008).
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i
@y2c@u0
i
@y3
2664
3775
ðpÞ
¼ bJ c@u0i@gc@u0
i
@n
2664
3775
ðp^Þ
where bJ1 ¼ J ¼ 1
4
Z þ1
1
Z þ1
1
Jdgdn ð6Þ
where p and p^ denote the faces of quadrilateral and reference subvo-
lumes, respectively, with p^ ¼ 1; 3! n ¼ 1 and p^ ¼ 2; 4! g ¼ 1.
The above simpliﬁcation, originally proposed by Cavalcante (2006)
in the context of the ﬁnite-volume theory for functionally graded
materials, serves two purposes. First, it ensures consistent averaging
of the local stress ﬁelds based on the use of either surface or volume
integrals in the average stress theorem. Second, it enables derivation
of explicit expressions for the elements of the local stiffness matrix
for the qth subvolume, which relates surface-averaged traction and
ﬂuctuating displacement components, given directly in terms of the
subvolume geometry and material parameters. The local stiffness
matrix formulation enables efﬁcient enforcement of interfacial trac-
tion and displacement continuity conditions which, in conjunction
with the periodicity conditions, produce solution for the surface-
averaged displacements in terms of the applied homogenized strain
components eij, thereby yielding the homogenized elastic properties.
Haj-Ali and Aboudi (2010) erroneously refer to the above local/glo-
bal stiffness matrix approach as condensation. We note that the use
of variable Jacobian presents no fundamental difﬁculties, but does
require numerical integration of certain terms in the expressions
for local stiffness matrix elements as in the ﬁnite-element approach.
This slows down considerably the global stiffness matrix assembly
(Cavalcante et al., 2008), which is one of the motivation for the
approximation used in Eq. (6).
In contrast with the above self-contained, and internally consis-
tent formulation, Haj-Ali and Aboudi introduce cross-product
terms into the ﬂuctuating displacement ﬁeld representation em-
ployed in the parametric FVDAM theory, Eq. (3),
u0ðqÞi ¼W ðqÞið00Þ þ gW ðqÞið10Þ þ nW ðqÞið01Þ þ gnW ðqÞið11Þ
þ 1
2
ð3g2  1ÞW ðqÞið20Þ þ
1
2
ð3n2  1ÞW ðqÞið02Þ; ð7Þ
to complete the 2nd order polynomial representation, claiming that
the cross-product terms are necessary in order ‘‘to achieve complete-
ness and proper transition from the linear to the full quadratic order’’.
They justify this by reference to extensive ﬁnite-element literature,
indicating that ‘‘improper transition can lead to undesirable effects
such as gaps and overlaps between adjacent cells’’. In making this
argument, Haj-Ali and Aboudi neglect the fact that the choice of
interpolation functions depends on the element shape which
dictates whether a complete or incomplete polynomial is used.
For instance, the extensively used Q4 and Q8 elements are indeedbased on incomplete polynomial representations of the displace-
ment ﬁeld, whereas a complete quadratic polynomial is employed
for a six-noded triangular element. While the complete quadratic
displacement ﬁeld representation is necessary for displacement
continuity between adjacent elements in the context of nodal-based
triangular, but not quadrilateral, ﬁnite elements, it is neither neces-
sary nor desirable in the context of the surface-averaging approach
employed in the FVDAM theory based solely on the accepted con-
servation ﬁeld equations and quadratic displacement ﬁeld repre-
sentation. Further, owing to the surface-averaging approach in
imposing displacement (and traction) continuity conditions, the
cross-product terms do not eliminate adjacent subvolume face
interpenetration, rendering the main reason claimed by Haj-Ali
and Aboudi for their inclusion, and hence extension of the paramet-
ric FVDAM theory, without justiﬁcation. Hence the main argument
for inclusion of the cross-product terms in the context of a surface-
averaging approach is fundamentally ﬂawed. Just as importantly,
Haj-Ali and Aboudi (2010) do not substantiate the need for inclu-
sion of these cross-product terms by demonstrating superior results
relative to the already established parametric FVDAM theory based
on the ﬂuctuating displacement ﬁeld representation of Eq. (3).
Moreover, the additional unknown coefﬁcients require addi-
tional conditions, which Haj-Ali and Aboudi choose to be higher-
order moments of the equilibrium equations,
Z
VðqÞ
y2y3
@rðqÞji
@yj
dV ðqÞ ¼
Z
SðqÞ
y2y3tidSðqÞ 
Z
VðqÞ
ðy3r2iþy2r3iÞdV ðqÞ ¼0; ð8Þ
where ðy2; y3Þ are local coordinates with the origin placed at the
subvolume’s center. The introduction of the above equations is a
drastic departure from the ﬁnite-volume approaches which are
based solely on Eq. (5). Aside from the absence of any physical
meaning of these equations, and therefore lack of connection with
the satisfaction of conservation equations in the integral sense em-
ployed by the different variants of the ﬁnite-volume approaches,
their use in determining the additional cross-product coefﬁcients
substantially limits the theoretical framework of the proposed
extension of FVDAM, and leads to problems of which the potential
user should be aware. First, the above equations are not coordinate-
frame indifferent, producing different results for different choices of
the local coordinate system ðy2; y3Þ locations. Haj-Ali and Aboudi
(2010) do indicate that these local coordinate systems are centered
in the individual subvolumes which makes the theory coordinate-
frame dependent. Nonetheless, there is no reason why the location
of a coordinate system should play a critical role in a properly
constructed theory. Moreover, these particular equations are
identically satisﬁed for parametric mappings involving constant
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introduced by Cavalcante (2006) cannot be employed in a consis-
tent manner, considerably slowing down the global stiffness matrix
assembly. These problems are absent in the self-contained and
internally-consistent parametric FVDAM approach.
As in the parametric FVDAM theory, Haj-Ali and Aboudi solve
for the unknown coefﬁcients W ðqÞiðÞ by enforcing traction and dis-
placement continuity equations, and periodicity conditions, in a
surface-average sense, albeit without constructing local stiffness
matrices. The calculation of surface-average traction components
requires numerical integration of certain terms due to the unstated
requirement that variable Jacobians must be employed in light of
Eq. (8). As discussed in the sequel, however, the use of variable
Jacobian for mappings other than square, rectangular or parallelo-
gram subvolumes leads to inconsistencies in the calculation of
local stress averages based on the average stress theorem. More-
over, the additional ‘‘moment’’ equations may become ineffective
for certain mappings when variable Jacobian is used if the coordi-
nate system is not placed exactly at the subvolume centroid. These
cases are discussed next.3. Reducibility, coordinate frame indifference
and self-consistency
The use of parametric mapping in conjunction with the cross-
product terms in the subvolume displacement ﬁeld representation
employed by Haj-Ali and Aboudi does not always render the em-
ployed moment equations effective. Mappings involving subvo-
lumes characterized by constant Jacobians lead to degenerate
situations which violate the correct reducibility requirement of a
consistent theoretical framework. Mappings characterized by var-
iable Jacobians may also be identiﬁed which violate the coordinate
frame indifference principle for small perturbations in the local
coordinate system placement.
3.1. Mappings characterized by constant Jacobians
First, mapping of the square reference subvolume onto itself, a
larger/smaller square or a rectangular subvolume, Fig. 2(a,b) auto-
matically satisﬁes the newly introduced moment equations used to
determine the cross-product coefﬁcients. These mappings are
characterized by constant Jacobians relating the partial derivatives
of the reference (g,n) and physical ðy2; y3ÞðqÞ coordinates. In this
case, the HFGMC with arbitrary cell geometry reduces to that of
the parametric FVDAM theory, but only when the cross-product
coefﬁcients aremanually set to zero given that the moment equa-
tions are identically satisﬁed.
In particular, a consistently formulated theory must reduce cor-
rectly in the special case when the mapping is one-to-one, that is
when the square reference subvolume is mapped onto itself. In this
case, the unknown coefﬁcients W ðqÞ2ðÞ are not obtained solely in
terms of the surface-averaged displacements u^0ðpÞi as shown below
for E = 1000 and m ¼ 1=3
W ðqÞ2ð00Þ ¼
1
2
u^0ð2Þ2 þ
1
2
u^0ð4Þ2 W ðqÞ2ð20Þ;
W ðqÞ2ð10Þ ¼
1
2
u^0ð2Þ2 
1
2
u^0ð4Þ2 ;
W ðqÞ2ð01Þ ¼ 
1
2
u^0ð1Þ2 þ
1
2
u^0ð3Þ2 ;
W ðqÞ2ð11Þ ¼ 
30
13
u^0ð1Þ3 þ
30
13
u^0ð2Þ3 
30
13
u^0ð3Þ3 þ
30
13
u^0ð4Þ3 
81
13
W ðqÞ3ð20Þ;
W ðqÞ2ð20Þ ¼W ðqÞ2ð20Þ;
W ðqÞ2ð02Þ ¼
1
2
u^0ð1Þ2 
1
2
u^0ð2Þ2 þ
1
2
u^0ð3Þ2 
1
2
u^0ð4Þ2 þW ðqÞ2ð20Þ;
ð9Þwith similar expressions for W ðqÞ3ðÞ. The additional moment equa-
tions are identically satisﬁed, and the satisfaction of the equilibrium
equations in the surface-average sense does not automatically yield
the resultW ðqÞ2ð11Þ ¼W ðqÞ3ð11Þ ¼ 0, as would be expected of a self-consis-
tent theory.
A similar situation arises when the square reference subvolume
is mapped onto a parallelogram in the actual microstructure,
Fig. 2(c). This mapping is also characterized by constant Jacobian,
reducing the HFGMC with arbitrary cell geometry to parametric
FVDAM when the cross-product terms are manually set to zero.
We note that in the cases involving constant Jacobians, the equilib-
rium equations are satisﬁed not only in an integral sense, but also
point-wise, as discussed in more detail in the sequel. Our examina-
tion of the cases investigated by Haj-Ali and Aboudi lead us to
believe that the authors did not allow the above situations to arise
in discretizing the investigated unit cells. Nonetheless, the readers
should be aware of the above problems. A practical consequence of
the above ﬂawed construction is the potential loss of linear inde-
pendence of the global system of equations for the unknown coef-
ﬁcients W ðqÞiðÞ which may manifest itself as an ill-conditioned
system, or a system with singular matrix.
3.2. Mappings characterized by variable Jacobians
For mappings that produce distorted subvolumes characterized
by non-constant Jacobians, the moment equations employed by
Haj-Ali and Aboudi provide a means of calculating the cross-
product coefﬁcients, notwithstanding the absence of physical
meaning of these equations. However, these equations are local
coordinate system speciﬁc and will produce different results when
the local coordinate system is slightly perturbed. An example is
provided in Fig. 2(d) where the reference subvolume is mapped
onto a trapezoidal subvolume using the same material properties
as in the ﬁrst example. We consider two cases characterized by
two sets of nodal coordinates of the mapped trapezoidal subvo-
lume referred to slightly different local coordinate systems.
In the ﬁrst case, the local coordinate system is placed directly at
the subvolume’s centroid yielding the following nodal coordinates
yðp;qÞi (i = 2, 3): (1.1,0.9841), (1.1,0.9841), (1.0,1.0159) and
(1.0,1.0159). When the Jacobian is taken as variable, the equilib-
rium equations yield the following relations,
10000a
7
W ðqÞ3ð10Þ þ
12010500a
91
W ðqÞ2ð20Þ þ
63000
13
W ðqÞ2ð02Þ þ30000aW ðqÞ3ð11Þ ¼0;
10000a
7
W ðqÞ2ð10Þ þ
4230000a
91
W ðqÞ3ð20Þ þ
180000
13
W ðqÞ3ð02Þ þ30000aW ðqÞ2ð11Þ ¼0;
ð10Þ
where a ¼ ln 11 ln 5 ln 2. Use of the additional moment equa-
tions given by Eq. (8), on the other hand, yields the following
relations,
100
2457
W ðqÞ2ð10Þ þ
100
117
W ðqÞ2ð11Þ þ
2000
441
W ðqÞ3ð20Þ ¼ 0;
2000
441
W ðqÞ2ð20Þ þ
2000
17199
W ðqÞ3ð10Þ þ
2000
819
W ðqÞ3ð11Þ ¼ 0:
ð11Þ
Solving the above systems of equations, we obtain unique expres-
sions for the coefﬁcients W ðqÞiðÞ in terms of the surface-averaged
displacements.
In the second case, the local coordinate system has its origin
halfway between the horizontal and vertical coordinates of the 4
subvolume vertices, yielding a slightly different set of nodal coor-
dinates: (1.1,1.0), (1.1,1.0), (1.0,1.0) and (1.0,1.0). When the
Jacobian is taken as variable, the moment equations are identically
satisﬁed, providing no additional means of evaluating the
cross-product coefﬁcients. Solving for the coefﬁcients W ðqÞiðÞ using
Fig. 2. Subvolumes mapped onto the actual microstructure of the unit cell for which the so-called moment equilibrium equations introduced by Haj-Ali and Aboudi (2010)
are identically satisﬁed.
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obtain expressions similar to Eq. (9) in terms of the surface-aver-
aged displacements and W ðqÞið20Þ (i = 2,3) as free parameters. Upon
manually setting the cross-product coefﬁcients to zero one obtains
the FVDAM theory equations.
The above trapezoidal subvolume example illustrates a funda-
mental ﬂaw in the extension of the parametric FVDAM theory pro-
posed by Haj-Ali and Aboudi, namely the violation of the frame
indifference principle in general, and speciﬁcally in the presence
of slight variations in the local coordinate system placement. In
their article, Haj-Ali and Aboudi do not discuss the reason for their
choice of local coordinate systems centered in each subvolume that
are used in the implementation of the additional moment equa-
tions. This coordinate speciﬁc extension of the parametric FVDAM
theory is a direct consequence of the introduction of additional
equations which lack physical meaning, and hence which do not
obey accepted mechanics principles.
In contrast, both the parametric homogenized (FVDAM) and
structural ﬁnite-volume theories do not suffer from the above
shortcomings. Speciﬁcally, one-to-one mapping produces the
same equations for the displacement ﬁeld coefﬁcients as the ori-
ginal FVDAM theory based on rectangular unit cell discretiza-
tion, i.e., proper reduction to the original model is obtained.
Relaxation of the volume-averaged Jacobian approximation by
its true expressions for general quadrilateral subvolume map-
pings also produces consistent theoretical and computational re-
sults. Moreover, the volume-averaged Jacobian simpliﬁcation
employed in the relations between the partial derivatives of dis-
placement components in the reference and actual coordinates
makes our ﬁnite-volume theories self-consistent as discussed
below.3.3. Average stress theorem
A key requirement of any homogenization theory is consistent
averaging of the pertinent ﬁeld variables in order to generate a
consistent set of homogenized constitutive equations. While the
parametric FVDAM theory meets this key requirement, the HFGMC
with arbitrary cell geometry does not because the volume-aver-
aged Jacobian simpliﬁcation introduced originally by Cavalcante
(2006) cannot be utilized in the solution for the unknown
displacement ﬁeld coefﬁcients. This is rooted in the fundamental
difference in satisfying the ﬁeld equations in an integral and
point-wise sense. Speciﬁcally, the average stress theorem states
that, for an arbitrary body in equilibrium regardless of its compo-
sition, the average stress may be calculated from either the integral
of the surface tractions or from the volume integral of the point-
wise stresses. Denoting the average stress calculated from the sur-
face traction by r^, and by r the volumetric average stress, we have
r^ij ¼ 1V
Z
S
tixjdS ¼ 1V
Z
S
rkinkxjdS ¼ 1V
Z
V
@
@xk
ðrkixjÞdV
¼ rij þ 1V
Z
V
@rki
@xk
xjdV : ð12Þ
When the local equilibrium equations are satisﬁed in point-
wise sense, i.e., @rki=@xk ¼ 0, the above integral reduces to the
standard deﬁnition for the volume-averaged stress. This is true
for the FVDAM theory in the elastic region, owing to the employed
quadratic displacement ﬁeld and the use of the volume-averaged
Jacobian in the displacement gradient relations. Speciﬁcally, the
point-wise equilibrium equations in a quadrilateral subvolume
generated by mapping given in Eq. (2) become
Fig. 3. (a) Hexagonal array of circular holes with a highlighted unit cell (left), and parametric FVDAM discretization of the unit cell using quadrilateral subvolumes (right); (b)
mesh discretization ranges employed in the FEM (left) and FVDAM and HFGMC (right) simulations.
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@xj
¼ @rji
@fn
@fn
@xj
¼ 0;
where ðf2; f3Þ ¼ ðg; nÞ. Given Hooke’s law in the generalized
form rij ¼ Cijklekl and the strain–displacement relations
ekl ¼ 1=2ð@uk=@xl þ @ul=@xkÞ, the Navier’s equations become
Cjikl
@2uk
@fn@fm
@fm
@xl
þ @
2ul
@fn@fm
@fm
@xk
 !
@fn
@xj
¼ 0:
Hence for a quadratic displacement ﬁeld representation and
constant Jacobian elements @fm=@xl and @fm=@xk, the point-wise
equilibrium equations reduce to terms involving coefﬁcients associ-
ated with quadratic terms. In this case, the satisfaction of equilib-
rium equations in a point-wise and integral sense are equivalent.
Alternatively, when the equilibrium equations are not satisﬁed in
point-wise sense, the second term on the right handside of Eq.
(12) will be generally non-zero.In the case of the HFGMC with arbitrary cell geometry, the
point-wise stress ﬁelds generally will not be self-equilibrating for
mappings which produce variable Jacobians unless the simpliﬁca-
tion of volume-averaged Jacobian introduced by Cavalcante (2006)
is utilized, rendering the additional moment equations without va-
lue. However, the use of variable Jacobians leads to two different
values for the average subvolume, and thus homogenized, stresses
that may be used in the construction of homogenized constitutive
equations. The FVDAM theory does not suffer from this problem for
any unit cell discretization when the ﬁelds are elastic.4. Predictive capability of the parametric FVDAM and HFGMC
theories vis-a-vis FEM
Haj-Ali and Aboudi (2010) characterize the construction of the
parametric FVDAM theory with elastic–plastic phases by Khatam
and Pindera (2009b) as an ‘‘attempt’’. They ignore the original con-
struction of the parametric FVDAM theory for strictly elastic
Fig. 4. Comparison of the normalized unbalanced average stress Dr22jq=r22(%) in unidirectionally loaded hexagonal array with 25% porosity by r22 – 0 at the homogenized
strain e22 ¼ 0:1% for increasingly greater unit cell discretizations.
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accurately capture local stress ﬁelds has been veriﬁed against the
analytical solution for the Eshelby problem, which Haj-Ali and
Aboudi (2010) duplicate in Fig. 4(a) and Fig. 5 of their own paper.
They also ignore the documented predictive capability of the para-metric FVDAM theory in the elastic–plastic domain illustrated in a
sequence of papers dealing with a wide range of materials charac-
terized by complex microstructures by Khatam and Pindera
(2009a,b), Khatam et al. (2009) and Khatam and Pindera (2010,
2011), including veriﬁcation with independently generated
Fig. 5. Convergence of the unbalanced average stress jDr22 j=r22 (%) with mesh size
at the homogenized strain level e22 ¼ 0:1% under loading by r22 – 0.
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nal arrays of circular holes.
Most recently, a thorough comparison of the parametric FVDAM
theory with ﬁnite-element results of the elastic–plastic response
for two different unit cell microstructures has been carried out
by Cavalcante et al. (2011) for the ﬁrst time on an equal footing.
The analyzed unit cell architectures involved circular porosities
in hexagonal arrays in plane stress, and wavy multilayers with dif-
ferent microstructural reﬁnement in generalized plane strain. To
accomplish this comparison on equal footing, a ﬁnite-element code
has been developed that closely mimicked the solution framework
based on elements of the homogenization theory employed in the
FVDAM construction. This solution framework included the same
overall two-scale displacement ﬁeld representation (except for
the ﬂuctuating displacement component details), and application
of the periodic boundary conditions. For the ﬁnite-element analy-
sis, Q8 elements were used to ensure comparable displacement
ﬁeld approximation. The same number of quadrilateral subvo-
lumes and Q8 elements were employed to discretize the unit cells,
producing nearly the same vertex coordinates. The use of Q8 ele-
ments required numerical calculation of the local stiffness matrix
elements, based on complete 9-point Gaussian quadrature, in con-
trast with the closed-form expressions developed for the paramet-
ric FVDAM framework. Both the FVDAM and ﬁnite-element codes
have been written in MATLAB. This comparison demonstrated
conclusively FVDAM’s predictive capability.
In contrast, Haj-Ali and Aboudi (2010) never provide a justiﬁca-
tion for the inclusion of cross–product terms by showing that
superior results are obtained relative to the parametric FVDAM
predictions. To further demonstrate that the construction of the
parametric FVDAM theory has indeed been successful without
the need for the cross-product terms introduced by Haj-Ali and
Aboudi (2010), we compare its predictive capability with the pro-
posed HFGMC with arbitrary cell geometry and the ﬁnite-element
method following the same approach employed in the most recent
comparative study of Cavalcante et al. (2011). Towards this end, a
MATLAB code was written based on the proposed theory of Haj-Ali
and Aboudi (2010) to analyze the response of a hexagonal array of
circular porosities in plane stress as a function of mesh discretiza-
tion, Fig. 3, which simulates a thin perforated metallic sheet under
inplane loading. The terms associated with variable Jacobians were
evaluated numerically using the Newton–Cotes formula with 5  5
integration points, including subvolume vertices. As shown in the
ﬁgure, hexagonal unit cells facilitate discretization based on
trapezoidal elements or subvolumes (cells), thereby avoiding thesingularity issues with the proposed HFGMC theory discussed ear-
lier. The analysis, limited to elastic phases, is based on the elastic
constants E = 72.7 GPa and m ¼ 0:34.
First, we investigate the local and global convergence of the
HFGMC, FVDAM and ﬁnite-element solutions as a function of mesh
reﬁnement for a hexagonal array of circular holes with 25% poros-
ity subjected to uniaxial loading by r22 – 0, with the remaining
homogenized stresses equal to zero. Then, we compare the local
stress ﬁelds, r22 and r23 for the employed meshes, as well as the
deformed unit cell features in order to investigate the claim made
by Haj-Ali and Aboudi (2010) regarding the need for the cross-
product terms in order to ensure better adjacent subvolume con-
formability. This comparison is more demanding than the unit cells
considered by Haj-Ali and Aboudi (2010), owing to the more com-
plex geometry and thus more complicated periodic boundary
conditions.4.1. Average stress theorem and the homogenized response
In the case of the ﬁnite-element method, the local equilibrium
equations are satisﬁed only in the limit with increasing mesh
discretization, thereby allowing to deﬁne an unbalanced average
stress in any subdomain of the unit cell based on Eq. (12) as
follows
Drij ¼ r^ij  rij ¼ 1V
Z
S
tixjdS 1V
Z
V
rijdV : ð13Þ
At the element level, the unbalanced average stress components are
calculated from the formula
Drijjq ¼ ðr^ij  rijÞq ¼ 1Vq
Z
Sq
tixjjqdS 1Vq
Z
Vq
rijjqdV ; ð14Þ
while for the entire domain of the unit cell, we have the formula
Drij ¼
XN
q¼1
cqDrijjq; ð15Þ
where cq ¼ Vq=V is the volume fraction of the qth element or subvo-
lume, and V ¼PNq¼1Vq.
In the case of HFGMC with arbitrary cell geometry, the local
equilibrium equations are not satisﬁed in a point-wise sense be-
cause the constant Jacobian approximation cannot be employed,
allowing the use of the same measure. This is in contrast with
the parametric FVDAM theory wherein the local equilibrium equa-
tions are satisﬁed point-wise, rendering the unbalanced average
stress in any subvolume zero in the purely elastic domain.
To illustrate the degree to which local equilibrium is satisﬁed by
the ﬁnite-element and HFGMC methods as a function of mesh
reﬁnement, Fig. 4 compares local distributions of the unbalanced
average stress component Dr22jq normalized by the average unit
cell value r22 for the four unit cell discretizations 12  2, 18  3,
60  10 and 120  20 at the applied strain level of e22 ¼ 0:1%.
The ﬁnite-element method is observed to exhibit superior perfor-
mance to the proposed HFGMC with arbitrary cell geometry until
sufﬁciently ﬁne meshes are employed. Fig. 5 presents comparison
of the global convergence characteristics of the HFGMC, FVDAM
and ﬁnite-element methods, demonstrating that both the HFGMC
and ﬁnite-element approaches are inferior to the parametric
FVDAM theory based on the constant Jacobian approximation.
The proposed HFGMC with arbitrary cell geometry is clearly infe-
rior to the ﬁnite-element method, and requires substantial mesh
reﬁnement to produce results with the same ﬁdelity as the ﬁ-
nite-element method.
Fig. 6. Comparison of r22 stress ﬁelds in unidirectionally loaded hexagonal array with 25% porosity by r22 – 0 at e22 ¼ 0:1% for increasingly greater unit cell discretizations.
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Fig. 6 presents comparison of local r22 stress distributions gen-
erated at the applied strain level of e22 ¼ 0:1% by the ﬁnite-element
and parametric FVDAM and HFGMC methods for increasingly re-ﬁned unit cells of the porous hexagonal array. While the stress
distributions obtained from the parametric FVDAM theory take rec-
ognizable forms with as few as 12  2 subvolumes, comparing
favorably with the corresponding ﬁnite-element calculations, con-
siderably ﬁner discretizations are required of the proposed
Fig. 7. Comparison of r23 stress ﬁelds in unidirectionally loaded hexagonal array with 25% porosity by r22 – 0 at e22 ¼ 0:1% for increasingly greater unit cell discretizations.
M.A.A. Cavalcante et al. / International Journal of Solids and Structures 49 (2012) 2037–2050 2047HFGMC with arbitrary cell geometry. Even with the highest mesh
discretization employed herein (120  20), the HFGMC r22 distri-
butions exhibit visible perturbations or discontinuities close to
the unit cell boundaries subjected to uniaxial loading. Such pertur-
bations are absent in the FVDAM predictions which are nearly
indistinguishable from the ﬁnite-element results. Similarobservations hold for r23 stress distributions shown in Fig. 7. The
substantially greater stress ﬁeld discontinuities observed in the
HFGMC results relative to the FVDAM predictions suggest that the
inclusion of cross-product terms does not produce the intended ef-
fect, namely better adjacent subvolume conformability. In fact, the
opposite effect has been accomplished as illustrated next.
Fig. 8. Comparison of deformed meshes (magniﬁed 500 times) of unidirectionally loaded hexagonal arrays with 25% porosity by r22 – 0 at e22 ¼ 0:1% as a function of mesh
reﬁnement.
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Fig. 8 compares unit cell deformations under the
employed r22 – 0 loading at e22 ¼ 0:1% for the ﬁve increasingly
ﬁner mesh discretizations. The Q8 elements employed in the
ﬁnite-element calculations are conformable, ensuring
displacement ﬁeld continuity along adjacent element faces at
each level of mesh discretization. In contrast, the interfacial dis-
placement ﬁeld continuity is satisﬁed only in a surface average
sense in both parametric approaches, hence subvolume face
rotations and concomitant interpenetrations are expected.
Unfortunately, the additional cross-product terms in the
quadratic displacement ﬁeld representation substantially in-crease the extent of face rotations predicted by HFGMC rela-
tive to the parametric FVDAM theory for small mesh
discretizations, resulting in large adjacent interfacial interpene-
trations and hence large unit cell distortions. These rotations
are much smaller in the case of the parametric FVDAM theory
and rapidly become negligibly small with increasing mesh
reﬁnement. For the 30  5 unit cell, the interpenetrations are
not visually discernible, in contrast with the HFGMC results
which exhibit substantial interfacial rotations of opposite sign
for the boundary subvolumes subjected to the applied load.
Clearly, the proposed HFGMC method requires substantially
greater discretizations to achieve the same extent of interfacial
conformability.
M.A.A. Cavalcante et al. / International Journal of Solids and Structures 49 (2012) 2037–2050 20495. Discussion
In their article, Haj-Ali and Aboudi state that even though
FVDAM is a direct implementation of HFGMC, Bansal and Pindera
(2005, 2006) have changed its name to FVDAM. This characteriza-
tion of the work by Bansal and Pindera, and the work discussed in
the Introduction that followed, raises an interesting question of the
circumstances and factors that justify name changes of theories,
methods or approaches used in applied sciences, including applied
mechanics. For instance, the distinction between ﬁnite-difference,
ﬁnite-element and ﬁnite-volume techniques in the solution of gov-
erning ﬁeld equations of mechanics or physics is clear. The re-
construction of the original higher-order theory for periodic multi-
phase materials of Aboudi et al. (2001) by Bansal and Pindera
(2005, 2006) has clearly demonstrated that this approach belongs
to the class of techniques called ﬁnite-volume methods, as summa-
rized in Table 1. In contrast, re-naming the original higher-order
theory for periodic multiphase materials as HFGMC by Aboudi
et al. (2002) cannot be readily justiﬁed. As demonstrated by Bansal
and Pindera (2006), while HFGMC is a displacement-based theory,
GMC is fundamentally a stress-based model characterized by
piece-wise uniform stress ﬁelds. Hence, fundamentally different
asymptotic predictions are produced by the two methods with
increasing/decreasing parameters which deﬁne unit cell micro-
structures, that may be completely erroneous in the presence of
damage. Hence, there is no rational basis for connecting the two
through similar names.
On the other hand, the extension of the parametric FVDAM by
Haj-Ali and Aboudi (2010) through inclusion of cross-product
terms in the quadratic displacement ﬁeld approximation, and
the concomitant introduction of additional moments of the equi-
librium equations, suggest that the original name higher-order
theory for periodic multiphase materials ﬁrst introduced by Abo-
udi et al. (2001) may be more appropriate than HFGMC. Unfortu-
nately, these additional moment equations employed within the
parametric FVDAM framework based on single quadrilateral sub-
volumes and mapping introduced by Cavalcante (2006), as well
as others in the context of the ﬁnite-volume method, produce
an inconsistent theory which violates accepted mechanics
principles.6. Conclusions
In the IJSS manuscript titled ’’Formulation of the High-Fidelity
Generalized Method of Cells with Arbitrary Cell Geometry for Re-
ﬁned Micromechanics and Damage in Composites’’ (Haj-Ali and
Aboudi, 2010), the authors attempt to improve the well-estab-
lished FVDAM theory by incorporating cross-product terms in the
2nd order displacement ﬁeld representation at the local subvolume
level. The formulation follows the framework of the parametric
FVDAM theory, and not the original HFGMC construction as
claimed, including the key parametric mapping concept also intro-
duced by other researchers in the context of related ﬁnite-volume
theories. The additional terms require additional equations for
their determination. Haj-Ali and Aboudi propose to use certain
moments of the equilibrium equations. These moments are not re-
lated to the moments of tractions well-understood in the mechan-
ics community, thereby not only lacking physical basis but also
leading to fundamental shortcomings at both theoretical and com-
putational levels.
First, the additional equations are coordinate-frame dependent.
To mitigate this shortcoming, Haj-Ali and Aboudi deﬁne the para-
metric mapping employed to generate quadrilateral subvolumes
with respect to speciﬁc coordinate systems centered in each sub-
volume. Small deviations in the local coordinate system placementwill produce different systems of equations, and hence different
solutions, including multiple solutions.
Second, themanner of deﬁning thesemoment equations renders
them without value for those parametric mappings which produce
quadrilateral shapes characterized by constant Jacobians. In this
case, the additional equations do not generate new information
which would produce the needed linearly independent equations.
Manually setting the cross-product term coefﬁcients to zero in
the resulting equations for the unknown displacement ﬁeld coefﬁ-
cients reduces the proposed HFGMC model to the well-established
FVDAM theory. Otherwise, multiple solutions are obtained. A prac-
tical consequence is the potential loss of linear independence of the
global system of equations for the unknown coefﬁcientsW ðqÞiðÞ which
may manifest itself as an ill-conditioned system, or a system with
singular matrix.
For those mappings which leverage the additional moment
equations, the local equilibrium equations are not satisﬁed in a
point-wise sense. Hence, the Average Stress Theorem for heteroge-
neous materials is violated for insufﬁciently ﬁne unit cell discreti-
zations, with concomitant consequence for the construction of
homogenized constitutive equations. Moreover, the manner in
which the additional equations have been deﬁned eliminates the
possibility of substantially accelerating the model’s execution
times by approximating the parametric coordinate transformation
Jacobian by its volume-averaged value for those subvolume map-
pings characterized by variable Jacobians. This is important for unit
cell microstructures requiring reﬁned meshes.
Finally, direct comparison of the results generated using the
proposed HFGMC approach with the ﬁnite-element method and
the parametric FVDAM theory on an equal footing demonstrated
the inferior predictive capability of Haj-Ali and Aboudi’s method.
In fact, the authors’ attempt to improve the parametric FVDAM
theory’s predictive capability in the proposed manner had the
opposite effect, clearly seen in the enhanced interpenetration of
adjacent subvolume faces.References
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